Abstract. The theory of the calculus of variations for fuzzy systems was recently initiated in [7] , with the proof of the fuzzy Euler-Lagrange equation. Using fuzzy Euler-Lagrange equation, we obtain here a Noether-like theorem for fuzzy variational problems.
Introduction
The notion of conservation law is well known in Physics. Many examples of conservation laws appear in modern physics: in classic, quantum, and optical mechanics; in the theory of relativity, etc [2, 4] . The conservation laws can materially simplify the problem of finding extremals when the order of the conservation law is less than that for the corresponding Euler-Lagrange equation. But it is not obvious how one might derive a conservation law. Some functionals may have several conservation laws; others may have no conservation laws. A central result called Noether's theorem links conservation laws with certain invariance properties of the functional, and it provides an algorithm for finding the conservation law. In the last decades, Noether's principle has been formulated in various contexts (see [3, 4] and references therein). In this work we generalize Noether's theorem for fuzzy variational problems.
The fuzzy calculus of variations extends the classical variational calculus by considering fuzzy variables and their derivatives into the variational integrals to be extremized. This may occur naturally in many problems of physics and mechanics. Very few works has been done to the fuzzy variational problems. Recently, Farhadinia [7] studied necessary optimality conditions for fuzzy variational problems by using the fuzzy differentiability concept due to Buckley and Feuring [1] . In [8] , Fard and Zadeh by using α-differentiability concept obtained an extended fuzzy EulerLagrange condition. Fard et al. [9] presented the fuzzy Euler-Lagrange conditions for fuzzy constrained and unconstrained variational problems under the generalized Hukuhara differentiability. Here we use the results of [7, 8, 9] , to generalize Noether's theorem for the more general context of the fuzzy calculus of variations.
The paper is organized as follows. Section 2 presents some preliminaries needed in the sequel. In Section 3 fuzzy Noether's theorem is formulated and proved. The method is based on a two-step procedure: it starts with an invariance notion of the integral functional under a one-parameter infinitesimal group of transformations, without changing the time variable; then it proceeds with a timereparameterization to obtain Noether's theorem in general form. We discuss the applicability of the main theorems through an example in Section 4. Finally, we give a conclusion in Section 5.
Preliminaries
The fuzzy numberã : R −→ [0, 1] is a mapping with the properties: (i)ã is normal, i.e., there exists an x ∈ R such thatã(x) = 1; (ii)ã is fuzzy convex, i.e., a(λx
We denote by F R the set of all fuzzy numbers on R. The r−level set ofã ∈ F R , denoted by [ã] r is defined by [ã] r = {x ∈ R :ã(x) ≥ r} for all r ∈ [0, 1]. The 0-level set [ã] 0 is defined as the closure of {x ∈ R :
, where a r and a r denote the left-hand and right-hand endpoints of [ã] r , respectively. Needless to say thatã is a crisp number with value k if its membership function is given byã(x) = 1 if x = k, andã(x) = 0 otherwise. Also we define fuzzy zero as
By the following lemma, we present some interesting properties associated to a r and a r of a fuzzy numberã ∈ F R . 
conditions (i)-(v).
Forã,b ∈ F R and λ ∈ R, the sumã +b and the product λ ·ã are defined by
r means the usual addition of two intervals (subsets) of R and λ [ã] r means the usual product between a scalar and a subset of R. The productã ⊙b of fuzzy numbersã and
The metric structure is given by the Hausdorff distance D :
A triangular fuzzy number, denoted byã = (x, y, z) where
Definition 2.2 (See [7] ). We say thatf :
Definition 2.3 (See [6] ). The generalized Hukuhara difference of two fuzzy numbersã,b ∈ F R (gH-difference for short) is defined as follows:
a ⊖ gHb =c ⇔ã =b +c orb =ã + (−1)c.
Ifc =ã ⊖ gHb exists as a fuzzy number, then its level cuts [c
Definition 2.4 (See [6] ). Let x ∈ (a, b) and h be such that x + h ∈ (a, b). The generalized Hukuhara derivative of a fuzzy-valued functionf :
If D gHf (x) ∈ F R satisfying (1) exists, then we say thatf is generalized Hukuhara differentiable (gH-differentiable for short) at x. Also, we say thatf is [
, and thatf
If the fuzzy functionf (x) is continuous in the metric D, then its definite integral exists. Furthermore, We say thatã,b ∈ F R are comparable if eitherã b orã b ; and noncomparable otherwise.
Fuzzy Noether's theorem
There exist several ways to prove the classical theorem of Emmy Noether. In this section we extend one of those proofs [5] . The proof is done in two steps: we begin by proving Noether's theorem without transformation of the independent variable; then we obtain Noether's theorem in its general form.
In 2010 [7] , a formulation of the Euler-Lagrange equations was given for problems of the fuzzy calculus of variations. In this section we prove a Noether's theorem for the fuzzy Euler-Lagrange extremals. Along the work, we denote by
the partial derivative of L r (L r ) with respect to its ith argument.
The fundamental functional of the fuzzy calculus of variations is defined as fol-
under the boundary conditionsq(a) =q a andq(b) =q b . The r-level set of LagrangianL :
The Lagrangian L r and L r are assumed to be C 2 -functions with respect to all its arguments.
Theorem 3.1 (See [7] ). Ifq(x) is a minimizer of problem (2) , then it satisfies the fuzzy Euler-Lagrange equations: 
if and only if,
Follows from the definition of partial ordering given in Definition 2.5, the inequality (5) holds if and only if
and
for all r ∈ [0, 1], whereq r (x) = q r (x) + ǫζ r (x, q r , q r ) + o(ǫ),
Theorem 3.3 (Necessary condition of invariance). If functional (2) is invariant under transformations (4), then
for all r ∈ [0, 1].
Proof. Eqs. (6) and (7) are equivalent to
for all r ∈ [0, 1]. Differentiating both sides of Eqs. (11) and (12) with respect to ǫ then substituting ǫ = 0, we obtain (9) and (10).
Definition 3.4 (Conserved quantity). QuantityC(x,q(x),q(x)) is said to be conserved if, and only if,
along all the solutions of the Euler-Lagrange equations (3) and for all r ∈ [0, 1].
Theorem 3.5 (Noether's theorem without transforming time). If functional (2) is invariant under the one-parameter group of transformations (4), thenC(x,q(x),q(x)) is conserved where the lower and upper bound ofC are
Proof. Using the Euler-Lagrange equations (3) and the necessary conditions of invariance (9) and (10), we obtain:
Computing similar to those in (16), one can easily verify
Definition 3.6 (Invariance of (2)). Functional (2) is said to be invariant under the one-parameter group of infinitesimal transformationŝ
if, and only if, 
Proof. Every non-autonomous problem (2) is equivalent to an autonomous one, considering x as a dependent variable. For that we consider a Lipschitzian one-toone transformation
such that
. By using similar arguments,
If functionalĨ[q(x)] is invariant in the sense of Definition 3.6, then functional I[q(x(σ))] is invariant in the sense of Definition 3.2. Applying Theorem 3.5, we obtain that
Since
Proof. Let ǫ ∈ R, and define a family of variations of the optimal solution of typẽ q(x)+ǫh(x), whereh satisfies the boundary conditionsh(x) =0, for all x ∈ [a−τ, a], andh(b) =0. Also, for convenience, we will assume thath(b − τ ) =0. Let
The lower bound and upper bound ofĩ τ are respectively
4. example First, we show that problem is invariant under (τ,ζ) = (2x ln x,q), for that we require x(q r ) 2 dx.
Once again, following the same arguments, one can easily show that
Now, Noether's Theorem 3.7 indicates that
